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1 Introduction 



Let X be a compact Kahler manifold of complex dimension n and Kahler form f2, equipped 
with a holomorphic Hermitian line bundle L — > X such that the curvature of its natural 
connection is Q. We will refer to such an L as a quantizing line bundle. For each positive 
integer k, let 

(1) S k = H°(X,L® k ) 

be the complex inner-product space of holomorphic sections of the k- th tensor power of 
L. Philosophically, Sk is the quantum phase space of X where k is the inverse of Planck's 
constant. In this paper we do the following: 

1. We associate, to certain immersed Lagrangian submanifolds A — > X, sequences of 
sections uu € Sk, k = 1,2, . . .. These sections represent quantum-mechanical states 
that are associated semi-classically with A. The A's in question (defined below) will 
be called Bohr-Sommerfeld Lagrangians. 

2. To each such sequence, we associate a symbol which is a half-form on A. 

3. We compute the large k asymptotics of matrix coefficients (Tuk,Uk) where T is a 
Toeplitz operator. The dependence on T of the leading order term is an integral of 
the symbol of T over A, proving that these sections concentrate on A. By taking 
T = I we obtain estimates on the L 2 norms of the Uk- In particular we show that 
these sections are not zero for k large. We also estimate (Tuk,Vk) where {vk} is a 
sequence associated with a second immersed Lagrangian intersecting A cleanly. 

4. For X a Riemann surface, the elements of Sk are holomorphic cusp forms of weight 2k. 
We show that the Poincare series associated to geodesies are particular cases of our 
construction. The classical Poincare series associated with cusps are also a particular 
case of our construction (although the analysis applies only in the manifold case). As 
a corollary of the asymptotic expansion, we find that the classical Poincare series of 
large weight associated to a fixed periodic geodesic is non- vanishing for large weight. 
We extend this result to hypercycles and circles. 

Our main results are Theorem |3.2j, which gives the asymptotics of the matrix elements, 



and Theorem 3.12, in which we establish the local realization: 



(2) u k (x) = k n/2 {Gaussian) + 0{k {n ~ 1)/2 ). 



We thus establish a precise correspondence between Bohr-Sommerfeld Lagrangian sub- 
manifolds of X (equipped with half-forms, see below) and certain sequences of states de- 
pending on k = 1/h. Motivation for this comes from general quantization/semi-classical 
ideas in the context of Kahler phase spaces. As were many others working in this area, we 
were very influenced by the pioneering work of F. A. Berezin, ||. He was one of the first to 
study the semi-classical (i.e. large k) limit of Toeplitz operators with multipliers given by 
functions on X. For further developments of Berezin's ideas, see |7| and references therein, 
and also jDJ, Q, ||. To our knowledge, no systematic method of quantization of Bohr- 
Sommerfeld Lagrangians has been developed. In addition to the applications to Poincare 
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series presented in §4 of this paper, our construction can be applied, e.g., to the quantiza- 
tion and semi-classical limit of symplectomorphisms X — > X, and to the construction of 
quasi- modes for Toeplitz operators (both in progress). 

Our methods use heavily the machinery of Fourier integral operators of Hermite type, 
developed by Louis Boutet de Monvel and Victor Guillemin in ||. In fact, we associate 
to closed Legendrian submanifolds of a strictly pseudoconvex domain, P, distributions in 
the generalized Hardy space of P (see §2). The Szego projector is an Hermite FIO, and 
we show that our Legendrian distributions posses a symbol calculus inherited from that of 
Hermite distributions (symplectic spinors). 

The sections Uk are defined as follows. Let P C L* the unit circle bundle in the dual of 
L. We denote by a the connection form on P; then the pair (P, a) is a contact manifold 
and so it has a natural volume form, 

fy 

(3) dp = — A (da) n . 

The disk bundle in L* is a strictly pseudoconvex domain; we will consider the Hardy space 
of P, S C L 2 (P), and the Szego projector 

(4) n : L 2 (P) -> S 

given by orthogonal projection onto S. The natural action of S l on P commutes with n, 
and hence S decomposes as a Hilbert space direct sum of isotypes. Only positive frequencies 
arise in the decomposition, and in fact the k-ih summand is naturally identified with <S&. 
Therefore we identify 

oo 

(5) 5 = 05,. 

Since we will use the calculus of Hermite Fourier integral operators, we will actually need 
a metalinear structure on P. This is a way of keeping track of the Maslov factors. 

Let A C P be a compact Legendrian submanifold, and v a half-form on A. It turns out 
that n extends to a class of distributions including the delta function defined by (A, v). 
We will suppress v from the notation, and denote the latter by 5a- 

Definition 1.1 For each k, we denote by Uk the k-th component of u := H(5a) in the 
decomposition (j^). 

Remarks: 1.- Instead of a delta function along A one can equally take a co normal distri- 
bution to A, but to leading order asymptotics the resulting states are not more general. 

2. - We regard the sequence {uk} as being associated with the immersed Lagrangian A := 
7r(A), where ir : P — > X is the projection. Not all immersed Lagrangians in X are of this 
form; these are the Bohr-Sommerfeld Lagrangians. 

3. - In case the restriction of 7r| : A — ► Ao is a covering map with deck transformation group 
the group of ko roots of unity, and the density v is chosen invariant under it, then the 
Fourier coefficients Uk will be zero unless ko divides k. 

The matrix element estimate, Theorem [3.2| , gives in particular the asymptotics of the 
L 2 norms The resulting estimate can be explained rather simply as follows. For every 

p G P, let 

(6) iff ■= n k (s p ) 
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be the orthogonal projection of the delta function at p into S k . (In case X is a coadjoint 
orbit of a Lie group these are the "coherent states" of the Physicists.) That is, if JC k (q,p) 
is the Schwartz kernel of the orthogonal projection IT^ , 



(7) 4 k \q) := K h {q,p), 
and the reproducing property follows: 

(8) V/G5 fc f(p) =</,<#>■ 
Applying this to / = <p£' itself gives 

(9) ic k (p,p) = y { p k) \\ 2 , 

and so 

(10) dim<S fc = J IC k (p,p)dp = J W^fdp. 



By Riemann-Roch, we know this is a polynomial in k of degree n and leading term 
(2n)~ n Vo\(X) k n . Thus we get that on average ||y^|| 2 is of size (2n)~ n k n . If we as- 
sume that || || 2 is independent of p (true for example if there is a transitive symmetry 
group present), then we actually get 

(11) HV^H 2 = (2n)~ n k n + 1. o. t. 



On the other hand, by definition 

(12) u k = f A <pV>u p , 
and so the square of the norm is 

(13) (u k ,u k ) = f f {^\^)p p V~ q . 



Ax A 



It turns out that this integral can be estimated for large k by the method of stationary phase. 
For this it is crucial that A be a Legendrian submanifold. The relevant critical points are 
on the diagonal, p = q G A, which is a non-degenerate manifold of critical points. Since 



the dimension of A is n, we see from (|Tl) that we should have 
(14) (u k , u k ) ~ 




We will prove that this is indeed the case. 

Acknowledgments. We thank Svetlana Katok for advice and encouragement regarding 
the application to Poincare series. Some of the calculations of §4 were done in the Summer 
of '93 jointly with J.J. Carroll, under the NSF sponsored REU program. 
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2 Legendrian distributions and their symbols. 



In || Boutet de Monvel and Guillemin associate spaces of distributions I m (A4,12) on M. 
(called Hermite distributions) to a conic closed isotropic submanifold E C T*M. \ {0}. In 
case E is Lagrangian, these distributions are precisely the classical Lagrangian distributions 
of Hormander except that amplitudes of elements in I m (A4, E) have asymptotic expansions 
decreasing by half-integer powers of the fibre variables. (There is also a discrepancy in 
the definition of order; we will follow the conventions in ||.) Elements in I m (A4, E) have 
symbols, which are symplectic spinors on E. Boutet de Monvel and Guillemin prove a series 
of composition theorems regarding Hermite distributions. We will review this material as 
needed. 

2.1 The definition 

For all of §2 the setting is the following. Let P be a strictly pseudoconvex domain in a 
Stein manifold, and let a be the pull-back to P of Qdp, where p is a defining function 
for P. Then (P, a) is a contact manifold, and at every point p the null space of a is the 
maximal complex subspace of T P P. The null space has a symplectic structure, namely 
the one induced from da; therefore it has an associated Hermitian structure. Thus P has 
a so-called pseu do- Hermitian structure. Denote by TC C L 2 (P) the Hardy space and let 
n : L 2 (P) — > TC be the Szego projector. Let A C P be a closed Legendrian submanifold. 

Definition 2.1 The space of Legendrian distributions of order m associated with A is 
defined to be 

J m (P,A) = U(I m+n/2 (P,N*A)). 

Here I*(P, N*A) denotes the spaces of conormal distributions to A. We must justify 
this definition; that is, we must show that n extends to distributions conormal to A. 

Define a submanifold Z^ C T*P by 

(15) Z i :={(p,ra p );peP,r>0}, 

where a is the connection form on P. Z$ is in fact a symplectic submanifold of T*P. 
Theorem 2.2 Thm. 11.1) Let 

(16) Z = { (p, ra p ; p, —ra p ) ; r > and p G P} , 

where a is the connection form on P. Then Z is an isotropic submanifold ofT*(P x P), 
and the Schwartz kernel ofH is an Hermite distribution in the space J 1//2 (P x P,Z). 

We will use various composition theorems of f|. For completeness, we make a definition 
that encapsules the hypotheses of all of these theorems (0, conditions (7.4)). 

Definition 2.3 Let P and Q be manifolds, and T C T*(Q x P) \ {0} and E C T*P \ {0} 

be two closed homogeneous submanifolds. We will say that T and E are composible iff the 
following hold: 

1. T should not contain vectors of the form (q,n;p,0). 
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2. 



T o S should not contain zero vectors. 



3. If Tq is the projection of T onto Q x P, then the projection Tq — > Q is proper. 
4- The fiber product 

t -> r 

(17) I I P 

E T*P 

where the right vertical arrow p is the obvious projection, is clean. 



5. The map r : T — > T*Q defined as the composition of the top arrow in ( \TaJ and the 
projection T — > T*Q is of constant rank. 

We now recall the two conditions which define the cleanness of a fiber product such as (|TT[). 
The first requirement is that J 7 , which by definition is 

(18) T = {( 7 ,cT)erx£;p(7) = a}, 

is a submanifold of T x E. In addition, we require that for all (7, a) G J 7 , 

(19) T 7iff jF = dp-\T a -L) . 

The following integer plays an important role in the calculations: 



Definition 2.4 The excess of the diagram (17) is 



e = dim(J-") + dim(T*P) — dim(T) — dim(E) . 

The geometrical meaning of the clean intersection is this: that locally near every point in 
T there is a submanifold of T*M of codimension e, containing neighborhoods of the point 
in the intersecting manifolds, which intersect transversely in the submanifold. 

Now consider 

(20) A* := Z % n N*A = { (p, ra p ) ; r > and p E A } , 

where the second equality follows from A being Legendrian. A^ is a submanifold of the 
conormal bundle of A and hence is an isotropic submanifold of T*P. It is a Lagrangian 
submanifold of Z^. 

Proposition 2.5 The Szego projector extends by continuity to the space of distributions 
on P conormal to A. The extension maps I m (P, N*A) to the space J m_n//2 (P, A"). 

Proof We apply Theorem 9.4 in |J, which in the present case says that if Z and A^*A 
are composible (in the sense of Definition |2.3p, then an Hermite FIO associated with Z can 



be applied to a Lagrange distribution associated with A^*A, and the result is an Hermite 
distribution associated with A". Therefore all we need to do is to check that Z and A^*A 
are composible, which is straightforward. (The excess of the composition diagram turns 
out to be equal to n.) 

□ 
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By Proposition ( |2.5| ) not only the spaces J are well-defined, but in fact one has the 
inclusion 

(21) J m (P,A) c J m (P,A«). 

Although we won't need it here, we mention that these distributions can also be described as 
"marked Lagrangian distributions" in the sense of Melrose, [14|, associated to the conormal 
bundle of A marked by the submanifold A". 



2.2 The symbols of Legendrian distributions 

Our next task is to to show that one can identify the symbol of an element in J m (P,A) 
with a half-form on A. The symbol of a Lagrangian distribution is a half form on the 
Lagrangian submanifold. The symbol of an Hermite distribution is a more complicated 
object, a symplectic spinor. For the sake of completeness, we review briefly the construction 
of symplectic spinors. 

To any symplectic vector space V there is naturally associated a Heisenberg Lie algebra, 
denoted by heis(V A ), which as a vector space is just V^©1L The Stone- von Neumann theorem 
gives us a unitary representation p of the associated Heisenberg group on a Hilbert space 
H(V) = L 2 (R d[mV/2 ). If V carries a metaplectic structure, then we can use the action of 
Sp(V") on heis(V) to construct a unitary representation of Mp(V) on H(V), the Segal-Shale- 
Weyl representation. Denote by H^V) the space of smooth vectors for this representation, 
which is identified with the Schwartz functions S(]R dimV ^ 2 ). Now let Y C V be an isotropic 
subspace of dimension k. Then Y /Y inherits a symplectic structure from V. Moreover, 
the metaplectic structure on V gives us the product of a metalinear structure on Y and a 
metaplectic structure on Y x /Y. The space Spin(y) is defined by 

(22) Spin(y) := H oa (Y ± /Y) ® A^Y. 

Let Hoa(V)' denote the topological dual to H^V), which is identified with the space 
of tempered distributions S'(IR dimV ' //2 ). The representation dp of heis(V r ) on H(V) extends 
to a representation on if 00 (V) / . Identifying a subspace Y C V as a subalgebra of heis(V A ), 
we define 

(23) kerdp(Y) = {f eH^V)' :dp(u)f = MueY}. 



Theorem 2.6 (Kostant) For a Lagrangian subspace Y C V, the space ker dp(Y) is one- 
dimensional and isomorphic to A 1 ^ 2 Y . 

The bundle of symplectic spinors is defined as follows. Let M be a metalinear mani- 
fold (a manifold possesses a metalinear structure whenever the square of the first Stiefel- 
Whitney class vanishes). The choice of a metalinear structure on M gives a canonical 
metaplectic structure on T*M. Now let E C T*M be an isotropic subspace. Let E^. de- 
note the tangent space to S at the point x. The symplectic normal bundle, £-*-/£, is the 
bundle whose fiber at x is the space £^ /£ x , where is the perpendicular space to T, x in 
T X (T*M). As above the metaplectic structure on T*M gives us the product of a metalinear 
structure on E with a metaplectic structure on E^/E. We can now define Spin(E) to be 
the vector bundle on E whose fiber at a point x is given by 

(24) Spin(E) :c = tfoo^/E^) ® A 1/2 E X . 
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Note that the fiber of Spin(X) is an infinite dimensional vector space. 

A symplectic spinor on E is a smooth section of Spin(S). There is an action of IR + on 
Spin(S) coming from the action of M + on T*M\{0} given by r • (x, £) i— > (x,r£). Denote 
by SS m the space of symplectic spinors which are homogeneous of degree m under this 
action. 

Proposition 2.7 (EM, Prop. 7.4) There is a canonical symbol map, 
(25) I m (M,E) -> SS rn (Z), 

whose kernel is I TO_1 / 2 (M, £). 

In the present case, all of the relevant metalinear and metaplectic structures derive from 
the choice of a metalinear structure on P. In particular, T*P inherits a metaplectic struc- 
ture, as do the horizontal subspaces of TP. These metaplectic structures on the horizontal 
subspaces of TP in turn give rise to metalinear structures on Legendrian submanifolds of 
P. 



Lemma 2.8 A pseudo-hermitian manifold P always possesses a metalinear structure. 

Proof Let W\ be the first Stiefel- Whitney class of TP, an element of H X {P, Z/2). The 
obstruction to the existence of a metalinear structure is w\. Now TP is orientable if and 
only if W\ = 0. Note that this would take care of the case where P is a circle bundle over 
X as in §1. In general, we have 

(26) TP = H®E 

(a Whitney direct sum of bundles), where H is the horizontal distribution (the kernel of 
a), and E is the trivial rank-one bundle spanned by dg. By the axioms of Stiefel- Whitney 
classes, w± = wi(H). H is a complex vector bundle, so in fact W\(H) = since a complex 
bundle is always orientable. 

□ 

A metalinear structure on P is not necessarily unique. The set of all metalinear structures 
on P has the same cardinality as H 1 (P,Z/2). 

We will next describe the symbol of the Szego projector, II. Define Z^ C T*P as in 
§2.1, and Z b by 

(27) Z b = {(p,-ra p ):peP,r>0}, 

and note that the space Z is the diagonal subspace Z\ x Z^_. Note that Z^ and Z^ are 



symplectic submanifolds, whereas Z is an isotropic submanifold. From Theorem [2.2| , the 
Schwarz kernel of II is an Hermite distribution in J 1//2 (P x P, Z), so a (IT) is an element of 
SS^iZ). 

Since it is sufficient to describe cx(IT) locally, we begin by linearizing the problem. Choose 
a point (p,ra p ) G Z$ and let V = T( p rQj) )(T*P). Define 

(28) Z = Tfa rap )Z\ 

which is a symplectic subspace of V. As vector spaces we can identify V with T( p> _ rQ!j) )(T*P) 
and Z with TL _ roip \Z ] ", but then V and Z carry the opposite symplectic structures. To 
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avoid notational complications, we will use V and Z to denote both of the respective vector 
spaces and point out the differing symplectic structures where necessary. We therefore write 

(29) T(p jrapt p_ r0Cp )Z = Z x Z. 

Note that Z x Z is isomorphic to Z but is an isotropic subspace of V x V. At the point 
(p, ra p ,p, —ra p ), the fiber of Spm(Z) is 

(30) Spin(Z $Z) = H^HZ $ Z) L j(Z $ Z)) © A 1/2 (Z £ Z). 

Lemma 2.9 We have the canonical identification 

(31) Spin(Z $Z) = H^Z^) © H^Z 1 ) ® A 1/2 Z. 

Proof The spaces of half forms are identified through the isomorphism between Z and 
Z x Z. By definition [Z x Z)- 1 is the space of all (v,w) (z V x V such that w — z G Z- 1 . 
Since V = Z © it is clear that (Z £ Z) x = (Z £ Z) © (Z x x Z L ). Thus we have 

(32) (Z $ Z) L /(Z $ Z)^± Z ± x Z L , 
which is a symplectic isomorphism. 

□ 

The pseudo-Hermitian structure of P enters into the description of o~(Tl) in the following. 

Proposition 2.10 Associated to the pseudo-Hermitian structure of P is a positive definite 
Lagrangian subspace of Z © C. 

Proof A Kahler structure on a vector space V is equivalent to the combination of 
a symplectic structure on V and the choice of a positive definite Lagrangian subspace of 
V © C (the type (1,0) subspace). Thus we need to show only that Z 1 - inherits a Kahler 
structure. This follows from: 

Claim: Under the projection T^ p ^ ra \(T*P) — > T P P, the image of Z L is the null space of a 
in T P P. 

Indeed, let s : P x R + — > T*P be the map (p,r) i— > (p, ra p ), whose image is Then 
Z is the image of the differential map ds at the point (p, r) singled out above. Explicitly, 

(33) ds M (v r , v p ) = (v p , v r a p + rda p (v p )). 
We quickly see that the perpendicular space to Z is given by 

(34) Z L = {(w, -r(V p «, w)) : (a p , w) = 0}, 
from which the Claim follows. 

□ 

Proposition 2.11 Prop. 4.2) If W is a positive definite Lagrangian subspace of 

Z © C, then ker dp{W) C H^Z^)' is one- dimensional and contained in H^Z 1 -). 
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Combining Propositions [2.10| and |2.11| , the pseudo-Hermitian structure on P determines 



a one-dimensional subspace of if 00 (Z J "). To write the symbol of II, we need to choose an 
element e of norm one in this space (the symbol is of course independent of the choice). 
For our purposes it is convenient to fix a particular choice of e. We can do this because 
Z L is a symplectic vector space with a Kahler structure. Therefore there is a canonical 
realization of the metaplectic representation H(Z L ) on Bargmann space. We require that 
e be real and positive under this representation. 

Theorem 2.12 (j^j, Thm. 11.2) The symbol of the Szego projector is 



(35) a(n) = e <g> e ® y/vol z G H^Z^) ® H^Z 1 ) <g> A^ 2 Z, 
where volz is the canonical volume form on Z given by the symplectic structure. 

We now will describe the symbol of a Legendrian distribution, as a symplectic spinor. 
Let /C denote the Schwartz kernel of II, and define the maps: 

PxP -A> PxPxP 

(36) vr I 

p 

where A : (j>i,P2) i— > (j>i,P2,P2) and 7r : (pi,P2) ^ Pi- Let £ be a distribution on P 
conormal to A. Then u = Tl(() is given by 

(37) u = 7r*A*(/C 

/C El C is an Hermite distribution on P x P x P whose isotropic relation is Z x iV*A C 
T*(P x P x P). The operator 7r*A* is an ordinary FIO with associated relation 

(38) B = {(pi, 6), (pi,P2,P2, -6,6, -6)} C T*P x T*(P x P x P). 

Once again we proceed by linearizing the problem. Fix a point (p, £) G A", and define 
V and Z as in §4.1. Define 

( 39 ) 5 = T ((p,S),(p,P,P,-t,S,-0) B 

We identify P as a subspace of V X W 7 , where W = V x V x V , keeping track of the signs 
of the symplectic forms as needed. We further define 

(40) Y = T (p #{N*A), 
and 

(41) A = (Z x Z) xY. 

Our starting point for the calculation of a{u) is a(JC M Q G Spin(A). Because Y is La- 
grangian, 

(42) A ± /A=(Z$Z) ± /(Z$Z). 



Using Lemma [2.9| , we can can thus canonically identify 



(43) Spin(A) = P 00 (Z ± ) ® P 00 (Z ± ) ® A 1/2 ^ ® A 1/2 ^. 
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Denote the symbol of ( by fi G /\ 1 ^ 2 N*A. This corresponds to an element of A Y 
which we also denote by \i. According to Theorem |2.12| , we therefore have 



(44) a{K ®() = e ® e ® yvol z <8> v. 

The symbol of u will be an element of Spin(A^). The linearization of A" is TL^A" = YC\Z. 
As remarked in §2.1, A" is a Lagrangian submanifold of 2^, and thus Y R Z is a Lagrangian 
subspace of Z. 

Lemma 2.13 VKe /iai>e 

(45) (yn^/^nz)^^, 

so t/iat we can identify, 

(46) Spin(rnz) = /j 00 (z ± )®A 1/2 (vnz). 

Proof Since FflZ is a Lagrangian subspace of Z and V = we have (YDZ) 1 - = 

z ± ®(Ynz). 

□ 



Lemma 2.14 For a fixed choice of e G H 00 (Z ± ) there is a natural isomorphism 

(47) ip e : A 1/2 Y -^A 1/2 (ynZ). 

Proof We begin by noting that the direct sum decomposition V = Z © Z- 1 induces 
the direct sum decomposition 

(48) y = (Ynz) © (ynz 1 ). 

Since K and K fl Z are Lagrangian subspaces of V and Z respectively, Y fl Z- 1 must be a 
Lagrangian subspace of Z- 1 . 
We thus have 

(49) a 1/2 ^ = A 1/2 (Ynz)®A l/2 (Ynz ± ). 



Theorem |2.6| gives the identification 

(50) A 1/2 (Y n Z x ) = Ker dp(F n Z x ) C H OB (z- L y. 
Thus the Hilbert space inner product extends to a pairing 

(51) ^ 00 (z ± )©A 1/2 (^nz ± ) ->C, 



which, combined with ( j49f) , yields the map tp e . 

To see that <p e is an isomorphism, note that the unitary group U(Z j -) C Sp(Z ± ) acts 
transitively on the set of Lagrangian subspaces of Z x , while preserving the Kahler structure. 
Thus we can choose an identification Z 1 - = M 2n such that e G S(M n ) is a Gaussian centered 
at the origin, and Ker dp(Y fl Z- 1 ) consists of constant multiples of the delta function at 
the origin. Therefore ( |47| ) is an isomorphism. 

□ 
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Proposition 2.15 As a symplectic spinor, the symbol of u — H(C) is 

(52) a(u) = e © ip e (fi) G H^Z 1 ) © [\ l ' 2 (Y n Z) 
(which is independent of the choice of e). 

Proof Consider B C V x W as a canonical relation from W to V: 

(53) ay 

W V 

where a and (3 are the obvious projections. The result of the composition is B o A : = 
/3(a _1 (y4)) =FTlZ. Proposition 6.5 of gives, in the present case, the symbol map 

(54) Spin(A) © A 1/2 B -> Spin(5 o A). 

The construction of the map fl54]) has two essential components. The first is an exact 
sequence 

(55) -> Ker p -> 5 © A ^> -> 0, 

where r : 5 © A -> is defined by ((a, 6), c) i-> 6 - c, and [/i = a(B) 1 - (1 A ± C W. A 
simple computation reveals !7i = Fn Z . In our case, Ker p = BoA = YC\Z, so that this 
exact sequence gives an isomorphism 

(56) A 1/2 B © A 1,2 Z © A 1/2 Y = A l/2 {Ut) ® A 1/2 (^ n 

Let £/ be the image of JJ\ in the quotient A ± /A (note that [/ = U\). Under the identification 
of A ± /A with Z 1 - x U is just given by to {0} x (Y n 

The other component of the map (|54"D is the isomorphism (H, 4.15) 

(57) Ker dp(U) = A 1/2 U © H OQ (U ± /U)'. 

It is clear from the remarks above that U ± /U = Z 1 - x {0}. Since Ker dp(U) C H OQ (A ± /A)' , 
taking the dual of the isomoprhism (51) gives a map 

(58) ^oo(^) ® ^oo(^) ® A 1/2 (^ n z x ) -> ^(Z^). 

Note that this is not an isomorphism. 

These components fit together as follows. We begin with 

(59) Spin(A) © A 1/2 B = H^Z 1 -) © i? OQ (Z ± ) © A 1/2 ^ © A 1,2 B. 
The isomorphism ( |56] ) takes us to 

(60) ^oo(^) ® #oc(^) © A 1/2 (^i L ) ® A 1/2 (^ n Z). 

Now because of the natural isomorphism = (W/Ui)*, we have 

(61) A 1/2 Ui = A~ 1/2 W © A 1/2 U. 
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W possesses a canonical half-form, which gives us a map A~ 1/2 W -> C, so that we can 
naturally identify 

(62) A 1/2 ^ = A 1/2 (Ynz L ). 

Thus ( |60D is isomorphic to 

(63) #oo(^) ® ^oo(^) ® A 1/2 (^ n z L ) ® a 1/2 (v n z). 



The map fl5"q), the only stage which is not an isomorphism, completes construction of the 
map ([54]) . 

We now simply trace what happens to the combination of a(K M £) £ Spin(v4) and 
er(7r*A*) G A 1 ^ 2 B under this map. First of all, we note that 7r*A* is a naturally defined 
operator, and a"(7r*A*) is just the canonical element of /\}^ 2 B determined by the symplectic 
structure on B = V x V. 

Consider the point (|K]) in the construction of the map. In the present case, 

(64) u£ = V x V x [Z © (Y n Z x )] c w, 
so that the isomorphism 

(65) A 1/2 B ® A 1/2 Z ® A 1/2 ^ = A 1/2 (f/i L ) ® A 1/2 (^ n Z) 

simply arises from the decomposition Y = (Y D Z) © (Y n Z -1 ). In view of (|64D, the 
isomorphism ( |B"2"D consists simply of dividing out by the canonical half-forms on B and Z. 
Since the symbol of 7r*A* and the half-form part of the symbol of II are in fact just the 
canonical half-forms, these cancel out. At the stage (O) we end up with 



(66) a(JC hC) ®(t(tt,A*) = e® e®^, 

where \i is thought of as an element of A 1/2 (^ D Z x ) ® A 1/2 (^ n Z). The final stage is to 
apply the map (|58D, which takes e® e®/i to e® (/•*)■ 

□ 

Observe that y e (/i) £ A 1 ^ 2 (^(p,ra p )A tt ). Letting p and r vary, y? e (/i) defines a half-form 
on A" which is homogeneous. In view of the previous results, this half-form is the non- 
trivial part of the symbol of u, as an Hermite distribution. Since y? e (/i) is homogeneous, it 
is determined by the restriction to the image of the section 



s ■ A — > A^ 

(67) 

p I — ► Qtp 

Upon division by the natural radial half-form, this restriction becomes a half-form on A. 
We will refer to this half-form as the pull-back of <£> e (/u) to A via s a and denote it by 

S>e(/i). 

Definition 2.16 For a Legendrian distribution u, we will identify the symbol of u with the 
half-form on A, s*<^ e (/x). Precisely, we call the (well-defined) map 

: J m {P, A) -> A 1/2 A 

u = n(C) >-> s* a <pM 

the symbol map of order m. 
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2.3 Exactness of the symbol sequence. 

Our goal here is to prove the following: 

Theorem 2.17 The following is an exact sequence: 

(68) -> J m - 1/2 (P, A) -> J m (P, A) -> A 1/2 A -> . 

Moreover this sequence has a natural splitting, namely 

m A 1/2 A - J-(P.A) 

where T = 119x11 and is the contact vector field (defined by the conditions Lg T a = 1 and 
LQ T da = 0). 

Remark: The operator T is non-negative. This follows from the fact that the symbol of dr 
restricted to Z is positive. Then, as in Proposition 2.14 of ||, there exists a non-negative, 
elliptic self-ajoint pseudo differential operator, A, on P such that 

(70) [A, II) = and 1X411 = Ud T U = T. 

Therefore the powers T s = riv4 s n (A s defined to be zero in the kernel of A) are Toeplitz 
operators of order s, Vs G JR.. 

We first check that ( |55| ) is a right inverse of the symbol map. We need the following 
result on the behavior of the spaces J under Toeplitz operators: 

Lemma 2.18 If u £ J m (P,A) and S = UBU is a Toeplitz operator of order p, then 
S(u) £ J m+P (P,A) and its symbol is s* (crs)cr(u). In particular, Vs £ R, T s maps J m (P,A) 
into J m+s (P, A), and this map is the identity at the symbol level. 

Proof By [0, without loss of generality [-6,11] = 0. Therefore S(u) = UB(u), and 
since B(u) is another conormal distribution the proof is complete. 

□ 



Corollary 2.19 Indeed ( pty ) is a right inverse of the symbol map. 



Next we prove that the kernel of the symbol map is precisely J m -V 2 (P,A). The non- 
trivial part is to show that if u = H(C) £ J m (P,A) has zero symbol of order m, then it is 
the projection of a conormal distribution of order ord(£) — 1/2. This is a consequence of 
the following: 

Theorem 2.20 

{u £ J m (P,A s ) ; Il( u)=u} = J m (P,A) modulo smooth functions. 
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Proof Suppose that u G I m (P, A") is invariant under II. Then the symbol a u of u (as 
an Hermite distribution) is a symplectic spinor which equals its own composition with the 
symbol of II. From the discussion of the symbol of II one can see that this implies that a u 
is of the form 

(71) a u = e<S>H, 

where /i G A^A". By Corollary |2.19| it is possible to construct a conormal distribution 

£ G N *j^ guch that jj^j and 

u are Hermite distributions with the same symbol. 
Therefore, by the general symbol calculus of fllPl , 

(72) Ul := u-n(C0 G J m - 1/2 (P,A«). 

Observe furthermore that Il(wi) = u\\ therefore we can repeat the same argument with u\. 
Continuing by induction, we see that there is a sequence of conormal distributions, {Q} 
whose orders are monotonically decreasing such that Vfc G Z + 

k 

(73) u-nECO e i m - k/2 (P,^)- 

Now let C be a conormal distribution such that ( ~ Y^JLiCj- Then u — H(C) is a smooth 
function. The converse inclusion is trivial. 

□ 

3 Matrix Element Estimates 

For this section we return to the case described in §1, where P is a unit circle bundle over 
a compact Kahler manifold X. In §2, we saw that at the symbolic level all Legendrian 
distributions look like delta functions or their derivatives. In view of this fact, we will 
restrict ourselves to the delta function case for the sake of simplicity. Let A x and A 2 be 
compact Legendrian submanifolds of P, and define Legendrian distributions u = II(5a 1 ) G 
J l/2 (P,ki) with symbol v\ G A 1/2 A X and v = U(5a 2 ) G J 1/2 (P,A 2 ) with symbol v 2 G 
A^ 2 A 2 . Let A be a zeroth order classical pseudodifferential operator on P and let Ta = 
UAH be the corresponding Toeplitz operator. In this section we estimate the matrix 
elements (T A u k , v k ) = (Au k ,v k ). 

3.1 The main statements 

Let F : P x S 1 — > P be the action map, and define 

(74) 6 2 := F-\A 2 ) = { (p, u) ; p-u G A 2 } , 

where uo G S 1 and the action is denoted by a dot. 2 is a submanifold since F is a 
submersion; in fact 9 2 = A 2 x S 1 by the map (p,u) h- > (p-u>,u). 

Assumption: We will assume that Ai x S 1 and 2 intersect cleanly, meaning: 

1. The intersection 

(75) V := (Ai x S 1 ) n 9 2 = { (p, w) ; p G A x and p-tu G A 2 } 

a submanifold of P x S 1 . Different connected components ofV are allowed to have 
different dimensions. 
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2. At every (p,u) G V , 

T(p t u>)V = ^(p,^)@2 n T( PiW )(Ai x S 1 ) . 

Equivalently, we may assume that the image of the map $ : V — > S 1 induced by the 
natural projection is finite, and that for u e <&{V), the intersection (Ax • u) D A 2 is clean. 
That this is equivalent to the above assumption follows from the fact that Ax and A 2 are 
Legendrian. 

We label the points in the image of $ by 

(76) ${V)={wi,...,w N }. 

For each I e {1, . . . , iV} let be the dimension of the fiber <3> -1 (u;z), i.e., 

(77) di = dim(Ai • wj) n A 2 . 



Lemma 3.1 If Ai and A 2 are two cleanly intersecting Legendrian submanifolds of P and 
Hi and /i 2 are half-forms on the respective submanifolds, then the intersection A 1 n A 2 
inherits a top degree form /ii # /i 2 . 

PROOF Let Z by a symplectic vector space, with Lagrangian subspaces L\ and L 2 . The 
exact sequence, 

(78) -> L x n L 2 -> Li © L 2 -> Li + L 2 -> 0, 
where the third arrow takes (t>, u>) i— > ^ — leads to an isomorphism 

(79) A v % ® A v % = A 1/2 (^i n L 2 ) ® A 1/2 (^i + L 2 ). 

Now, since (Li fl L 2 ) ± = L\ + -L 2 , we have 

(80) Lx + L 2 [Z/(Li n L 2 )]*. 
This in turn allows us to identify 

(81) A 1/2 (iiU 2 ) = A 1/2 (iini 2 ), 

by using the canonical half-form on Z to map f\- l ' 2 Z -> C. Finally, there is a natural map 

(82) a 1/2 (£i n L 2 ) ® A 1/2 (^i n L 2 ) -> a"(Li n L 2 ), 

where d = dim(Li fl L 2 ). 

This construction thus associates to a pair of half-forms on the Lagrangian subspaces a 
top degree form on their intersection. Clearly the procedure generalizes to the case of two 
cleanly intersecting Lagrangian submanifolds of a symplectic manifold. 

Define A5,A 2 , and 2$ as in §2.1. is a symplectic manifold, and A\ and A 2 are 
Lagrangian submanifolds. To a half-form Uj on Aj we naturally associate a half-form on 
A» by 

(83) Vj i— > z/j ® v^dr. 
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The result proven above gives us a top degree form [y\ ® y/dr) # [y<i <g> \fd~r) on A* fl A|. 
We define z/ x # u 2 as this form divided by a. 

□ 

Proceeding by analogy with the Fourier integral operator calculus, one might guess that 
the leading coefficient in the estimates for the matrix elements would involve only universal 



constants and the natural pairing described in Lemma |3.1| . In fact, this coefficient involves 
an additional term, which we now describe. 

Consider the tangent space T X P at a point x G P. In §2 we noted that the null space of a 
in T X P (the horizontal space) is a symplectic vector space. Thus we can define an action of 
the symplectic group Spin) on T X P by its action on the null space of a, and acting trivially 
on vertical vectors. In a symplectic vector space the unitary group, U(n), regarded as a 
subgroup of Sp(n), acts transitively on the set of Lagrangian subspaces. In our case U(n) 
acts transitively on the set of tangent spaces (at x) to oriented Legendrian submanifolds, 
with isotropy subgroup SO{n). Thus, given two oriented Legendrian subspaces Ai and A2 
of P, we have a well-defined function on Ai fl A2 which is the determinant of the unitary 
matrix mapping T X K\ to T X A2- We denote this function by det{Ai,A2}. Alternatively, if 
positive orthonormal bases {e-,} and {fj} are chosen for the respective tangent spaces at 
x, we may define 

(84) det{A x , A 2 }(x) = det{h( ej , fj)}, 

where h is the hermitian form (on the null space of a) at x. 

In what follows, we will need to make sense of the square root of this function. This is 
precisely the role of the metalinear and metaplectic structures. As we remarked in §2, the 
metalinear structure on P gives rise to a metaplectic structure on the horizontal subspace 
of TP and to metalinear structures on the Legendrian submanifolds. To a unitary trans- 
formation as described above, we can associate a well-defined element in the double cover 
of U(n) by taking the unique element of Mp(n) which lies over the given transformation 
and which is a metalinear map from the tangent space of one Legendrian to the other. 
This association allows us to define the square root of det{Ai,A 2 }: the function Vdet is 
well-defined on the double cover of U(n). 

With these assumptions and notation, we are now prepared to state our main result. 
Theorem 3.2 As k — ► 00 there is an asymptotic expansion 



N 00 

(85) (T A u k , v k ) ~ J2 E C U k (dl ~ j)/2 , 

1=1 j=0 

with 

(86) Co,, = 2^/ 2 7T- d ^ [ det{A! • u, A 2 }~ 1/2 av x # T%, 

J(A v ui)nA 2 

where a is the pull-back to Ai of the symbol of A by the connection one-form, a. Further- 
more, if 7r(Ai) and 7r(A2) do not intersect, then (TAUk , Vk) decreases rapidly in k. 

Consider now the case of a single u G J m (P, A), with symbol v. Observe that Ax{l}cP 
and is always a component of maximal dimension, n. Furthermore, if 7r : A —>■ 7r(A) is 
a covering map with covering group the group of fco-th roots of unit, then A x {e 27riJ / fc °}, 
j = 0, . . . , ko — 1, are n-dimensional components as well. This leads us to the following 
corollary. 
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Corollary 3.3 Let tt(A) be a covering map with covering group the group of k^-th roots 
of unity, and suppose the half-form v on A is invariant under the action of the covering 
group. Then (uk,Uk) has the asymptotic behavior: 



17) {u k ,u k )~k [- 



k\ n/2 



71 



if k divides k (u k = otherwise). In particular, for k a sufficiently large multiple of k , 
(uk,Uk) is non-zero. 

The remainder of §3 is devoted to the proof of the asymptotic expansion of Theorem 



Q| . We begin by dealing with the case where the immersed Lagrangians corresponding to 
the Legendrian sub manifolds do not intersect. The strategy is to study the singularities of 
the periodic distribution 

oo 

(88) T(0) := Y,( A ^,v k )e lke , 

k=0 

as in JTD|. Knowledge of the singularities of T translates into the asymptotic expansion of 
its Fourier coefficients. In particular, we will show that the wave-front set of T is empty 
when V = 0. In this case, T is smooth and the matrix elements must decrease rapidly in 
k. 

To construct T we proceed as follows. Choose ( G /( ra+1 )/ 2 (P, iV*A 2 ), such that v = 
11(C)- We will demonstrate that 

(89) V := F*(C) 

(well-defined because F is a submersion), is a Lagrangian distribution on P x S 1 . Here ( 
is the complex conjugate of the distribution u as defined by the identity 



Furthermore, 



(90) V(p,e w ) = ((p-e id ). 

We can regard V as the Schwartz kernel of an operator, V, from P to the circle. Since II 
is an orthogonal projection which has already been applied to obtain u, it is clear that 

(91) T = VoA(u), 

independently of the choice of (. 

We begin by describing the canonical relation of the standard FIO F*. If rj G T*P, 
denote by rf the horizontal part of rj. Thus we decompose 

7] = 7](d e )a p + 7]° . 

For every w 6 S 1 , we denote by R w : P — > P the map induced by the action of uo on the 
right. We define an operator FL W : T*P — ► T*P by 

(92) Ru-.ri^ r]{de)a p + R*r] 
The canonical relation of the Schwartz kernel of F* is 

(93) C = {(p,cu;R w (v),r)(de)),(p-u;v)} C T*(P x S 1 ) x T*P. 
The following result is well-known. 
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Proposition 3.4 The pull-back operator, F* , extends to a map 

(94) F* : I m {P, N*A 2 ) -> T m {P x S 1 , T) , 
where 

(95) T = {(p,u-,M7i),ri(do))-,(p-u,7i) e N*A 2 } cT^PxS 1 ). 
In particular, V G /("+ 1 )/ 2 (P x S" 1 , T). 

We can now consider V as the Schwartz kernel of an operator, V, from P to the circle. 
Specifically, 



(96) V(f)(u) = J p f{p)C{p-u)dp. 
We wish to apply V to T^(m), where Ta is a Toeplitz operator. 

Proposition 3.5 T = V(T A (u)), and WF (T) = Uf=i{^} x R + . In particular, ifV = 
then T is smooth. 

Proof By Proposition 2.13 of ||, we can assume that [A, II] = 0, and so Ta ■ 
I m (P, A|) — ■> I m (P, A\). Therefore we need only to apply e.g. Theorem 8.2.13 in JTTJ . 
We omit the details. 

□ 

Corollary 3.6 J/7r(Ai) n 7r(A 2 ) = then the matrix elements (TAUk,Vk) decrease rapidly 
in k. 

Remark. If V is non-empty one can ask whether the above construction shows that T is 
a Lagrangian distribution, i.e. whether the composition fiber product diagram 

Q - r 

(97) | I 

A\ -> T*P 

(where 

(98) g = { [(q, u, ra q , r), (p, r)} ; p = q-u , p £ V } 

and the arrows are the obvious ones) is clean. This is not so because condition ( JT9] ) is 
not satisfied. To proceed, we will estimate the Fourier coefficients of T directly using the 
stationary phase lemma. This is the content of §3.2 and §3.3. 



3.2 Oscillatory integrals 

The strategy for computing the asymptotic estimates of §3.1 is to write the Hermite distri- 
butions as oscillatory integrals and approximate the matrix elements by stationary phase. 
By definition, the space I m (P, A") consists of distributions that are locally expressible as 
oscillatory integrals of a certain type. For the remainder of this section, we will be working 
with open neighborhoods in P and A. References to P and A below are to be interpreted 
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as statements concerning local neighborhoods in these spaces (else the notation becomes 
excessively complex). 

In order to write the oscillatory integrals, we must first find a phase function parametriz- 
iiik in a sense to be described below. We need only consider the case of a non-degenerate 
phase function. The set up is as follows. Let B be an open conic subset of (R x M n )\{0}. 
We give RxR" the coordinates (t,t)). 

Definition 3.7 A non-degenerate phase function is a function <fi G C°°(P x B,M) which 
satisfies: 

1. cf) is homogeneous in (r, 77). 

2. d(j) is nowhere zero. 

3. The critical set of <j), 

(99) = {(x, T, 7]); (dr4>)(at,r,r,) = (^W.ij) = °}; 

intersects the the space rji = . . . = r] n = transversally. 

4- The map (x, r, rj) t— > §^ ■ ■ ■ , g§~) has rank n + 1 at every point of C^, i.e. <p is 
non- degenerate. 

Define the map F : — > T*P\{0} by (x,t,T)) i— > (x, (d x <p)( X:T>r j\). We quote the 
following result. 

Proposition 3.8 The image under F of the subspace of given by rji = . . . = r] n = is 

a homogeneous isotropic submanifold ofT*P\{0} of dimension n + 1. 

Definition 3.9 A phase function <p is said to parametrize A" provided A" is the image 
under F of C^H {771 = . . . = r] n = 0} 

We are now prepared to describe the oscillatory integrals. A distribution (generalized 
half-form) in I m (p, A") can be written as a finite sum of locally defined oscillatory integrals. 
Specifically, given a non-degenerate phase function parametrizing A" locally, we can write 
the distribution locally as 

(100) J eW*™) a (x, t, -^=jdr drj, 

where the amplitude a(x,T,u) has the following properties (see §3 of || for the precise 
formulation of the estimates): 

1. a(x,r,u) is rapidly decreasing function of u. 

2. a(x, r, u) is cutoff to be zero near r = 0. 

3. For sufficiently large r, a(x,r,u) admits an expansion of the form 
(101) a(x, t, u) ~ ^V mi ai(x,w), 

where each is either integer or half-integer, with mo = m — 1/2 and rrii — ► —00. 
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A change in the cutoff function used to enforce item 2 results only in a smooth correction 
to (|100Q . Because of this, the cutoff function is generally suppressed from the notation. 

Our next task is to actually construct a phase function that is linear in r and 77. Suppose 
that 4>(x,t,t]) = rf(x) + Y^j=iVj9j( x )- We will hereafter adopt a vector notation 

n n 

(102) n-g := ^2vj9j(x), r] ■ dg := J2^ d 9j- 

The critical set is = {(x, r, 77); f(x) — g\{x) = ... = g n (x) = 0}, and the map F is given 
by F(x, r, rf) = (x; rdf(x) + r\ ■ dg(x)). In order for <\> to parametrize A", we take the conic 
subset B to be (R + x IR n )\{0}, and choose functions / and gj satisfying two conditions. 
We require that the zero locus {f(x) = gi(x) = . . . = g n (x) = 0} define A in our local 
patch, and also that df x = a x for x G A (locally). 

By the Darboux theorem for contact manifolds, we can introduce local coordinates 
{q%,Pi, 0} on P such that 

(103) a = 9-p-dq. 

Because A is Legendrian, by taking a small enough neighborhood we can assume there 
exists a local generating function which gives the relationship between p and q on A. At 
least one of the following two cases will occur: 

Case 1. There exists a function h(q) such that pj = J^- on A. In this case we take 

dh 

(104) f = e-h, g j = pj - — 

Case 2. There exists a function h(p) such that qj = ^ 011 A. We take 

dh 

(105) f = 9 + h-p-q, g. = q .- — 

Note that in either case df — a on A. 

If we write u G J m (P,A) as an integral of the form ( |100|) , the highest order term in 
the expansion ( |101| ) is determined by the symbol of u computed in §2. The symbol map 
associating amplitudes with symplectic spinors is given as follows. Let 7r be the projection 
P x B — > P. The pull-back it* extends to a morphism on half-forms once we fix the 
convention that n*\fdx = a/ dx dr drj. This map is an FIO with canonical relation T given 
by the conormal bundle of the graph n in T*(P x P x B). We can parametrize 

(106) r = {(z,ar,T,77;£,£,0,0)}. 

The symbol of tc* is just the canonical half-form on T, which in terms of these coordinates 
is just a/ dx d| dr drj. 

Consider d<j) as a map P x B — > T*(P x B). We have 

(107) d(f) : (2, r, 77) i-> (x, r, 77; rdf + rj- dg, fdr, g ■ drj). 
Let denote the image under d(p of the subspace 771 = . . . = r\ n = 0, 

(108) = {(x,r,0;rdf, fdr,J29j d Vj)}- 
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is an isotropic submanifold of T*(P x B). Furthermore, T intersects transversally 
and T o E = A*. 

We define a symplectic spinor on by 

(109) k = Vdxdr ® T m ~ 1/2 a (x, 77)^/^77, 
where a (x,?7) is the leading term of the expansion ( |101| ). 

Definition 3.10 JTie symbol o~(u) G 5 , 5 ,m (A") zs the image of k under the canonically 
defined map (see 

(110) SS m (E 4> )^SS m (ToE (t> ). 

The symbol map in this definition comes from the composition formula used in Proposition 
2.15| . We note that in || , there is an apparent typo in the degree of homogeneity in r of 
the amplitude a . 

For the following Proposition, let / and g be chosen as above in accordance with either 
Case 1 or Case 2. For Case 1 let H-k = J^k , and for Case 2, Hau = _ i n terms of 

the Darboux coordinates, we write the metric as a matrix 

(in) I 

with A and D symmetric. The matrix of the symplectic form is 

(112) n=(_ , I), 

and the complex structure is given by J = Q l g. The requirement that J 2 = —I implies the 
following conditions: 

AD-B 2 = I, 

(113) B l D = DB, 

AB l = BA. 



Proposition 3.11 Let u G J rn (P, A) with symbol e®u G ^((A'^/A*) ® A 1/2 A tt . V^e can 
write u locally as an oscillatory integral of the form ( 10C ) with 

(114) a (x, 77) = C n v{x) det M~ 1/2 e~^* M ~ lj? , 

where C n depends only on the dimension, v is an extension of v to be defined below, and 



(115) M 



(I + iB* + iDH)~ 1 D for Case 1, 
(I -%B- iAH)- l A for Case 2 



(note that M is symmetric in either case). 

Proof We need to compute the preimage of e®v under the symbol map (|110|) associated 
to 71*. The details of the map are given in Proposition 6.5 of ||. This map can be broken 
into two parts: the map of half-forms which takes v to v and the map of Schwarz functions 
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which takes the Gaussian above to e. Fix a point x = (p,q,6) G A and r G R+. Let 
= T {x , T fl;r ax ,o,o) T *( P x G )- Reca11 that G = 1+ x R n and E = T (ljT) . Similarly let T 

now denote the tangent space to the T defined above. 

The half-form part of the map is particularly trivial in this case. We have an exact 

sequence 

(116) o->ro£->r©£-»w->o, 

which, together with the natural half-forms on F and W, furnishes an isomorphism 

(117) A 1/2 s ^ A 1/2 (roS). 

The map of half-forms reduces simply to this isomorphism, so that v can be any smooth 



function on P such that the isomorphism (|117|) takes v(x)y 'dx dr to v at points of A". 



The non-trivial portion of the symbol map is really the isomorphism of the Schwarz 
spaces if 00 (E- L /E) = /^((r o S) ± /(r o E)), which arises from a canonical symplectic 
isomorphism E /E = (r o E)- L /(r o E) (Proposition 6.4 of M). This map is given as 
follows. Given a G S^/E, we choose (6, c) G T such that c G E- 1 and the image of c 
in E^/E is a. Then b G T o E -1 = (r o E)- 1 and the association a —>■ b descends to an 
isomorphism when we mod out by E. Because e was defined through the identification of 
(T o E)- L /(r o E) with the horizontal subspace of T X P, we will construct the map directly 
to this horizontal subspace. 

We break the problem up into the two cases described above. Assume first that we are 
in Case 1, where p = |^ on A and f = 9 — h. Define Hj^ = 9 ®.Q qk ■ In terms of the basis 

{^-,^-,^,...}, a straightforward computation gives 

(118) E = {(v, w, t, r, 0; — rp — Hv, 0, r, t — p ■ v, w — Hv)} 

(where v and w are n- vectors and t and r are real numbers). From this we compute that 

(119) E" 1 = {(v, w,t,r, P;v — rp — w — HP, ft, r, t — p ■ v, 7)} 
Define i/j : E -> R" x R n by 

(120) ip : (v, w,t,r, f3;v — rp — w — HP, P,r,t — p ■ t> , 7) 1— > (P, 7 — w + Hv). 

The kernel of this map is E, so it descends to an isomorphism E^/E — > M™ © M n (with 
the natural symplectic structure on the latter). We will henceforth identify these spaces 
through this isomorphism, giving E^/E the coordinates {P,u). 

To a = (P, a) G E /E we associate the vector c = (0, —a, 0, 0, P; a — HP, P, 0, 0, 0) G E -1 , 
so that ip(c) = a. In view of (|106|) , for (6, c) to be in T we must take 6 = (0, —a, 0; cr — 
HP,P,0) G T o E -1 -. In the notation of §2, we have a decomposition V = T( XtTOlx )(T*P) = 
Z © Z -1 -, and terms of the Darboux coordinates: 

(121) Z = {(v, w, t] — rp — w, 0, r)}, 
and 

(122) Z ± = {(v, w,p ■ v; — rp — w, 0, r)}. 

Recall that the linearization of the symplectic normal to A" (here written (r o E) -1 / (r o E)) 
was isomorphic to the symplectic vector space Z 1 - . Thus to complete the map we need 
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only project b G T o E 1 - into Z L . In order to pull-back the Gaussian e we then identify Z 1 - 
with the horizontal subspace of T X P by (v, w,p ■ v; —rp — w, 0, r) — > (v, w). The result is 
that the symplectic isomorphism from £ /£ to Z -1 can be written 

(123) 

where the symplectic structure on both sides is the natural structure on M n © M n . 

Consider how e was constructed (Proposition 4.2 of 0). If the set of complex vectors 
{xj + iyj} gives a basis for the (l,0)-subspace of the complexified horizontal tangent space 
to P at x, then e is defined as a solution (of norm one) to the equations (xj + iyj)e = 0, 
where tjj acts as — igfr- In the present case, given that 

(mi /-(-* ~° 

the (l,0)-subspace is spanned by vectors of the form {v — iB t v + iDw}. Composing with 
the inverse of the symplectic map ( |123| ), we see that e(/3) should satisfy the differential 
equation 

(125) \(3-iB t (3 + iD(-i-^- + (3)}e{(3) = 0. 

v op '\ 

The solution (up to a constant depending only on the dimension) is 

(126) e((3) = det M^V^"^^, 



where M = (I + iB l + iDH)- 1 D. The factor det M" 1 / 2 appears because e transforms as a 
half-form under symplectic transformations. This completes the proof for Case 1. 



The proof is quite similar for Case 2. Here we have qj = as the defining relation of 

r. _ d 2 h i__x: rtmnIX x x 

i k dpjdp k ' 



A. Taking Hjk = jS^w, , the symplectic map ( |123j ) turns out to be 



(127) (P,a)»(-a + Hp,P). 

This leads to the Gaussian given above. 



□ 



Theorem 3.12 Let u G J m (P,A) with symbol v. Choose f and g locally as above, and 
define fo(p,q) '■= 9 — f(p,q,0). For sufficiently large k the k-th isotype of u under the S 1 
action has the local representation 

(128) U k = C m , n k m+ ^' 2 v{p, q, f ) e ^f-^M 9 + 

(in the sup norm topology), where C m>n is a constant depending only on m and n. (In fact, 
there is full asymptotic expansion in decreasing half-integer powers ofk.) 

Proof We start with the local oscillatory integral representation 

(129) u{p, q,B) = J e iTf+i,r9 a(p, q, 6, r, -j=)dr d V 
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with 

oo 

(130) a(p, q, 9, t,u)~J2 r m] a 3 (p, q, 9, u). 

3=0 

To pick off the k-th isotype, we project onto the e lkd component by integrating the above 
expression against e~ lke for < 9 < 2i\ . The expression (|129|) is cutoff in 9 so we may in 
fact extend the integration limits to infinity. 

We will consider one term in the expansion at a time. Let 



(131) W k (p,q,9) = e ike 

Rescaling r — > kr yields 
(132) 



-ike'irf(p,q,e')l 



t a 



(p,q,0', 



dr dff. 



W k (p,q,9) = k l+ U 



like 



-ikd'ik(—6'+r6'—Tfo)-.l 



t a 



(p,q,0', 



dr d9' 



This expression can be estimated for large k by stationary phase. The only stationary point 
occurs at r = 1, 9' = fo(p, q), so we obtain the estimate 



(133) 



W k {p, q, 9) - 2nk l e ikf [l + k^L^a^p, q, 9', 



< Ck 1 - 1 sup\D a T l a{p,q,9', 

\a\<4 



V 



where L T ^i is a second order differential operator in r and 9', evaluated at the critical point, 
and D represents only derivatives with respect to r and 9'. Note that the sup is finite if 
and only if / < 0. By applying successive integrations by parts in the original expression, 
we may assume that this is the case. 

Derivatives of a with respect to r bring out a factor of & -1//2 , and derivatives with 
respect to 9' have no effect in terms of k. The first correction and the error term are thus 
both well-behaved in terms of k. So in terms of the sup norm we have 

(134) W k {p, q, 9) = 2nk l e lkf + 0(k l - r ). 
Applying this result to u k , we obtain 

(135) u k (p,q,6) =2nk m - 1 ^ e -^ J e i ^a {p,q,f ,^=)dr l + O(k m - 1 ). 



From Proposition |3.11| , we see that the remaining rj integration is just the Fourier transform 
of a Gaussian: 
(136) 



e ^9 e -^M -i„ d = ck n/2 ^ M l/2 e -| S *M 9 _ 



□ 
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3.3 Proof of the estimates 



For this subsection, we assume that u = H(S Vl ) G J 1 / 2 (P, Ax) and v = H(S V2 ) G J 1 / 2 (P, A 2 ). 
Consider the inner product (uk,Vk). Because of the reproducing property of the kernel of 
II and the fact that the states come from delta functions, (u k ,Vk) can be written as the 
integral of u k (represented as a function on P) over A 2 (with a measure determined by f 2 ). 
Because of this fact, the following proposition (a restatement of Corollary |3.3|) follows 



from Theorem 3.12 




Proposition 3.13 Let u = IL(6 U ) G J 1 ^ 2 (P, A), and suppose that A is a ko-fold covering 
of it (A), with v invariant under the action of the covering group. Then as k —>■ oo 

(137) (u k ,u k ) 
for k a sufficiently large multiple of k . 

Proof From Theorem p.!2| and the reproducing property we find 

e ^ ok n/2 

/A 



h. ■ p 

(138) (u k ,u k )~CY.e mtL «k n ' 2 

3=1 A 



\V 



2 



The sum is zero unless ko divides k, in which case it yields the factor fc . 

Since the constant out front is universal, it may be computed in a particular example. 
This is easily done for the Bargmann space C n , where the kernel of II can be written 
explicitly. 

□ 



Let Ax and A 2 be two distinct intersecting Legendrian submanifolds. The following 
lemmas are a prelude to taking the stationary phase approximation of the inner product 
of states defined on Ai and A 2 . Let / and gj be chosen to parametrize Ai as in the last 
subsection (according to whether Ax satisfies Case 1 or 2). Recall that the highest order 
term in u k involved the phase function ip — f + ^g l Mg, with M determined by / and 
g. Choose a set of local parameters {ti, . . . , t n } to describe A 2 , so that {^-, . . . , ^-} gives 
locally an orthonormal frame for TA 2 . We will use primes to denote derivatives with respect 
to these parameters. 

Lemma 3.14 The stationary points of tp, with respect to the parametrization described 
above, correspond precisely with points ofV. 

Proof The proof is similar for either case, so we assume Case 1. Then 

(139) V(P, Q,0) = 0- Kq) + \ (p - j) M {v ~ f^)' 
with derivative 

(140) V'(P, 1, 0) = tf- |V + i(p- ^)M(p> - Hq') + L(p- ^)M'(p - ^). 
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Since the horizontality of A2 implies that 9' = pq', we see immediately that p — |^ implies 
ij}' = 0. This is the case whenever there exists an u> G S 1 and x e A 1 such that x ■ uj G A 2 . 



It follows directly from Proposition |3.5| that there are no other possible stationary 
points. 

□ 



Lemma 3.15 The Hessian of ip = f + %g Mg at a stationary point x 



(141) 

where £ 2 



^" = ^1(^1)^(^ + ^)6, 



Proof The Hessian of ip is 

(142) if? = p n q' - q n Hq' + i(p n - q n H)M(p' - Hq'), 

where we have used the fact that 9' = pq' because A 2 is horizontal. Recalling the definition 
of M, we can write this as 



(143) 



(p - Hq'y[q' + i(I + iB l + iDH)- l D(p' - Hq') 
= (p' - Hq')\l + iB t + iDHY^q' + %B l q' + iDp']. 

We insert the matrix (J — %B l — iDH) and its inverse and use the identities ( |113|) to obtain 

(144) tp" = (p' - Hq')\A + BH + HB f + HDH)- 1 

x (A + HB l )q + (B + HD)p' + i(p - Hq') . 

Note that this is exactly the expression given above. 

□ 



Proposition 3.16 The inner product (uk,Vk) has an asymptotic expansion whose terms 
correspond to elements of§(V). The leading contribution from a particular uj G $("P) is 



(2i)(»-<0/3 il 



d/2 



(145) 

where d is the dimension o/<J> _1 (u;) 



^ / det{Ai -u,A 2 } 1/2 vi#V2, 

Ai-a;nA 2 



Proof We start with the representation of Theorem |3.12| . Choose the parametrization 
of A 2 so that the first d variables parametrize Ai • u D A 2 . The method of proof is to 
apply stationary phase to the integral over the n — d transverse parameters of A 2 . The 
integral over the remaining d variables survives in the final expression. For notational 
clarity, consider only the case where Ai ■ u and A 2 intersect transversally (d = 0). 
From Theorem |3.12 , the highest order term contribution to the inner product is 



(146) 



(u k , v k ) 



'k 

71 



re/2 
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where we have filled in the constant based on the computation in Proposition |3.13|. Ac 



cording to Lemma |3.14| , when we apply stationary phase to this integral, we obtain a term 
for each component of V, i.e. for each point in $>(V). 

In the transverse case, at the point x G Ai • u fl A 2 , the stationary phase lemma yields 
the term 



n/2 



(147) 



V\[X ■ UJ 



We can reinterpret Lemma |3.15| in the following way. Given an orthonormal basis {e^} 
for T x Ai and {/*} for A 2 , 



(148) 



det ip" = det{a;(ei, /_,-)} det{/i(e i; /,■)}, 



where u is the symplectic form and h the hermitian form. The first term on the right-hand 
side is (when raised to the —1/2 power) the factor which appears in the construction of 
v \ $ ^2 when we divide out by the square root of the Liouville form. The second term is 
the function det{Ai • u, A 2 }, as defined in §3.1. 

In general, the stationary phase approximation is done over n — d variables, so the 
last factors in ( 147 ) are (2Tii/kY n ~ d ^ 2 (det%jj")~ 1 ^ 2 , with the determinant taken over the 
transverse variables. It is straightforward to see the this determinant yields again the 
intersection of the half-forms with the same unitary factor. 

□ 



To conclude this section, we note that Theorem |3.2| follows directly from Propositons 
|3.13| and [3.16| . The insertion of the Toeplitz operator T4 in the inner product is an essen- 
tially trivial modification. 



4 Bohr-Sommerfeld curves and Poincare series 

In this Section we examine in the case where X is the quotient of the upper half plane 
by a Fuchsian group of the first kind. The natural quantizing line bundle L is simply 
the holomorphic tangent bundle. We will perform the general constructions outlined in 
Section I quite explicitly for this case. In particular, we compute the states associated to 
Bohr-Sommerfeld curves given by hypercycles, horocycles, or circles in H and show that 
these correspond to well-known Poincare series. 

4.1 Bohr-Sommerfeld curves 

Let H be the upper-half plane {zsC: Im z > 0}, and let SH denote the unit circle bundle 
of the holomorphic cotangent bundle of H, 

(149) SH = {(z,() eHxC: ICI =lmz}. 

The group G = SL(2,R) acts on SH by fractional linear transformations. In fact, there is 
a homeomorphism SH = G/{±id}, such that the action of G on SH corresponds to the 
left action of G on G/{±id}. Explicitly, for 

(150) ,= (« ») eG , 
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we have 

(151) g-(z,() = (g-z,j(g,zr 2 (), 

where 

I 52 9-z = —j 

and j(g, z) = cz + d. G is represented on the space of functions on SH by 

(153) (g-F)(z,0 = F(g- 1 -(z,C)). 
The contact form a is given by 

(1 T 

(154) a = d<j) - — , 

where z = x + iy, and £ = ye^. The volume form dV = (2n)^ 1 a A da is the G-invariant 
volume form on SH: 

(155) dv =d_xdydJ> 
K ' y 2 2tt 

The connection on S'i? corresponding to a is naturally defined as follows. Letting I 
denote the point (i, 1) G SH, we identify G/{±id} with SH by the map g \—> g • I. We 
thus have T^SH) = sl(2,R) = t © p. Since we also know that T { H = p, we can define 
a left-invariant connection simply by declaring p to be the horizontal space at / G SH. 
Using the identification T g .jSH = T g G, we see that the horizontal tangent space of T g .jSH 
is g ■ p. Therefore, if g(t) : R — > G is a smooth curve, • / will be horizontal iff 

(156) gity'-m gp, 

i.e., g{t)~ l ■ g(t) must be traceless and symmetric. 

Recall that SH is the boundary of a strictly pseudoconvex domain (the unit disk bundle 
over H). Let S{H) C L 2 (SH) denote the Hardy space of boundary values of holomorphic 
functions on the unit disk bundle. The fc-th isotype of S (H) under the action of S 1 is the 
space of holomorphic /c-differentials on H, which we denote by Sk{H). This consists of 
functions F : SH — > C of the form F(z, () = ( k f(z), where / : H — > C is holomorphic. In 
other words, 

(157) S k (H) = ^f(z) : f H |/(,)| 2 y™ ^ < ooj . 

Let T be a discrete subgroup of G such that X = T\H has finite volume, i.e., a Fuchsian 
group of the first kind. The unit circle bundle of the holomorphic cotangent bundle of X, 
denoted by SX, is again the boundary of a strictly pseudoconvex domain, and we let S(X) 
denote the Hardy space for this domain. As above, Sk(X) denotes the space of holomorphic 
/c-differentials on X. Define the orthogonal projections 

(158) n : L 2 (SX) -> S(X) and n fc : L 2 (SX) -> S k (X). 

If F is a function on SH which is invariant under the action of G, then F corresponds to 
a function on SX. Thus we can identify S k {X) with the space of cusp forms S 2 k(T): 



(159) S k (X) = S 2k (F) = {/(*) : f(g.z) = f{z)j{g,zf\ J^\f(z)fy 



2k dxdy < ^ 

y 2 
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where T is a fundamental domain for T. 

In what follows, by a smooth closed curve with domain [0,T] we mean the restriction 
to [0, T] of a smooth T-periodic map with domain R. Generally, we will think of a closed 
curve 7 on X as the projection to X of a curve 7 : R — > such that the points j(t) and 
7(t + T) are related by an element of T. 

Definition 4.1 Let k be a positive integer. A parametrized smooth closed curve, 7 : 
[0,T] — > X is said to satisfy the Bohr-Sommerfeld condition of order k, or BSk for short, 
iff its holonomy in SX is an k-th root of unit. 

Note that the BS& property is invariant under reparametrizations. Also note that a curve 
which satisfies BS& satisfies the BS condition for any integer multiple of k. 

To any curve satisfying BSfc () we now describe how to associate a vector in Sk{X), where 
k is a multiple of ko. 

Definition 4.2 Assume 7 satisfies BSk , and let 7 be its horizontal lift as in definition 
( U-A )- If denotes the delta function integrated along 7 using the parametrization, for k 
a multiple of ko we define 

(160) ' \j,k) = n fc (<%). 

Remark. If k is not a multiple of ko then the projection in fll60| ) clearly zero gives zero. 
The definition of (7, k) depends on the choice of the horizontal lift, 7, but it's easy to see 
that changing the horizontal lift amounts to multiplying the state by a complex number of 
modulus one. 



Lemma 4.3 Two BSk curves defined as above are immersed Lagrangian submanifolds of 
X satisfying the cleanness assumption of $3.1 provided they have no common tangents. 

Note that in particular any pair of geodesic BSfc curves satisfy the assumption (including 
a geodesic with itself). We will see below that all geodesic curves are BSj. 

In order to apply the theory developed in §3, X must be a compact manifold, i.e. a 
Riemann surface. In addition, SX must be given a metalinear structure. To do this, note 
that SX is naturally identified with G/T, so that T(SX) = P x g, where g is the Lie 
algebra of G. Thus SX inherits a metalinear structure from the metalinear structure on 
the vector space q. From this, we obtain metalinear structures on the BS& curves. For our 



purposes here these structures will be invisible, since by Definition [4.2| we will deal only 
with half-forms defined through parametrizations. 



From Theorem p.2| and Corollary |3.3| we obtain the following result. 

Theorem 4.4 Let X be a Riemann surface and 7 a BSk curve with no self-tangents, 
parametrized by arclength. For k a sufficiently large multiple of ko we have 



(161) <7, %,*>= - HT + 0(1) 
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Furthermore, if 71 and 72 are two distinct intersecting BSk curves with no common tan- 
gents, then for k a sufficiently large multiple of ko, 

k -i(0p/2-w/4) 

(162) ( 7l ,fc|72,fc)=2 1 /^ J2 P , „ +0{k-y% 

P£7in72 \/siniL 



where dp is the angle from 71 to 72 at p, and u p G S 11 is determined by the condition that 
71 • uj p intersects 72 over the point p. 

4.2 Relative Poincare series 

We seek to write out the state I7, k) explicitly as a function on SH that is invariant under 
T. Let i>( w ,rj) denote the coherent state in Sk(H) associated to the point (u>,r/) G SH, i.e., 
the function on SH which is the orthogonal projection of the delta function at (10,77) into 
Sk(H). By definition, the coherent states are equivariant under the action of G, 

(163) g ■ ip( w>v ) = i>g.(v>,rj)- 

To obtain coherent states in Sk{X), we average over the action of G. It follows from a 



theorem of Katok [0 that for any function F G Sk(H), 



(164) J29-FeS k (X), 

per 

where the convergence is absolute and uniform on compact sets. The coherent state in 
<Sjfc(X) associated to an equivalence class [(10,77)] e $X = T\SH is thus 

(165) %«,»7)] = E#"VW)> 



Because of the equivariance ( |163 ), the sum on the right depends only on the class [(10,77)]. 



The following proposition realizes our states I7, k) as relative Poincare series for func- 
tions given by integrals over coherent states. The proof is clear from the absolute conver- 
gence of ( |164j ). 

Proposition 4.5 Let 7 be a BSk curve on X and let 7 be a horizontal lift 0/7 to SX. 
Then the state \^f,k) G Sk{X) corresponds to the function 

(166) $ y (z,C) = Y,9-F(z,(), 

per 

where F(z, () is given by 

(167) F(z,() = J% m (z,C)dt. 

We can improve upon the realization given above if 7 is not closed as a curve on H, using 
the Rankin- Selberg technique. 

Proposition 4.6 Suppose that 70 G T is not elliptic, and let 7 be a BSk curve defined as 
a map 7 : M. — > H such that 70 • 7(t) = 7(t + T). Then the state \j, k) corresponds to the 
function 

/oo 
il>W)(g-(z,{))dt, 

where T is the cyclic group (70) and 7 is a horizontal lift of '7 to SH . 
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Proof First of all, note that since the connection is left-invariant, the horizontal lift 
7 also satisfies 70 • j(t) = j(t + T). We break the sum over Y in fll66j ) up into a sum over 
cosets of T : 

(169) * 7 (*.0= E E j T {gio)^m^X)dt. 

Now, since 

(170) 7q ■ = ^(t+nT), 

we can reduce the sum in the above integral to 

/oo 

To complete the proof, we note that g G T/r implies g^ 1 G T \T. 

□ 

In order to realize the relative Poincare series given in these propositions more concretely 
we need to compute explicitly the coherent state ip{ w ,r,)- 

Lemma 4.7 The orthogonal projection of the delta function at (w,r]) G SH into Sk{H) is 
the function 

(1 72 ) ^(w,r,)(z, C) = A k - — -r, 

[z — W) ZK 

where 

(173) A k = (_l)^2 2fc - 2 ^^. 

7T 

Proof The fact that Vv.??) = ^■k{8(w,rj)) is equivalent to the reproducing property: 



(174) F(w,r}) = / ^ w>v) (z, ()F(z, dV, 

J SH 

for all F G Sk{H). Given any orthonormal basis {Fi^} for Sk(H), we can write the 
reproducing kernel as the series 



(175) i>(w, v )(zX) = J2 F iA w >v) F i,k(zX), 

1 

which converges absolutely and uniformly on compact sets. Using the well-known orthonor- 
mal basis 

'1(2* • /-D!l'%/. " 



(176) F l , k (zX) = 2 2k ~ 1 

we obtain the result given above. 



7T (2fc-2)!Z! 



[z + i 



d+2k ' 



□ 
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4.3 Hypercycles and geodesies 



We consider now the application of Proposition [4. 6| to the special case when 70 is hyperbolic 
and the associated curve 7 is a hypercycle in H. We first consider the question of when a 
hypercycle corresponds to a BS^ curve on X. 

Proposition 4.8 Let 70 G T be hyperbolic, and suppose that 7 is a hypercycle K. — > H such 
that 70 • 7(i) = j(t + T). Let r denote the cotangent of the angle from the real axis to 7 at 
the —00 limit point of r y. Then 7 is BS k as a curve on X if and only if 

(177, 

for some j G Z. In particular, all geodesies (for which r = 0) are BSk curves for any value 
ofk. 

Proof It suffices to consider the case where = e*(r + i), since the BS^ property is 
equivariant. The horizontal lifting of £ to a curve on G is 



D t/2 re */2x / costT /2 -sintr/2\ 
sintr/2 costr/2 / 



(178) g(t) = 
On SH this corresponds to 

(179) e(t) = ( e *(i + r) je 

The BSfc condition requires that (e~ lTl ~) k = 1, which implies that fcTr = 27rj for some 
jGZ. 

□ 

For the remainder of this subsection we will assume that 7 is a BSk curve such that 

2ttj 



180) t 



k r 



for some j G Z. To compute the state associated to a general hypercycle, we first con- 
sider the hypercycle which connects the origin to the point at infinity, and then use the 
equivariance of the coherent states. 

Lemma 4.9 Let £ be the hypercycle ^(t) = e*(r + 1) in H , with the lifting £ defined as in 
flff$ ). Then 



(181) / ^ ( JzX)dt = B k ^ k z ik ^- h 
where 

(182) Bkfi =(-i) k(k 



(2h-l)\ 



and for 



183) B^-^-fr-,)-* r < fc + fc > 



l-e- MrV 7 (2k- l)\T{ikr- k + 1) 
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Proof We integrate the coherent states along the curve £: 

poo poo Afcgfct(l+ir) 



l-oo (z - e*(-z + t)Y 

The results are obtained by substituting u = e t and performing a contour integration. 

□ 

Given a hypercycle 7 whose limit point both lie on the real axis, define 

(185) W\ = lim j(t) and w 2 = lim j(t). 

t — >— 00 t — >oo 

If wi < W2, then we can set define h e G by 

(186) /z = -=J= f \ 

such that h • j(t) = £(£). We make the obvious modifications to /i if u>2 < w\- In what 
follows we will define the lifting 7 by taking ^(t) = h -1 ■ £(£), where £ is given in ( |1 79| ) . 



From Proposition [OS] we immediately obtain the following. 



Proposition 4.10 Suppose 70 is hyperbolic and that 7 is a corresponding hypercyclic BSk 
curve as in Proposition faj.dj . Suppose further the limit points w% and w 2 for 7 lie on the 
real axis, and that the lifting 7 is defined as discussed above. Then (7, k) is given by the 
function 



187) %{z,Q=A k BU k E ' <rZ "' iV/ " r 1 



9er, 



"\ r K w 2 -g-zJ j{g,z) 2k 



w 2 - Wi 



(w 2 - g ■ z){g ■ z-wx) 



Consider the quadratic polynomial 
(188) (w 2 - z)(z - Wl ) ^ 

W 2 - Wi 

which appears on the right side in the preceding proposition. In HT2| , Katok associates to 
a hyperbolic transformation 70 = ( a \ \ the quadratic polynomial 



c d, 

(189) Q 7o (z) = cz 2 + {d- a)z - b. 

Since the roots of this polynomial are the fixed points of 70, w\ and w 2 , it differs from 
by a constant factor. In fact 

W 2 ~ W! D^ 

where D 7o is the discriminant of 70 as a matrix, i.e. D 10 = (d — a) 2 + 46c = (Tr7o) 2 — 4. 



From Theorem 4.4 we obtain the following. 
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Theorem 4.11 For X a Riemann surface, the relative Poincare series 

' g ■ Z — W\\ikT 1 



(191) E 

!?ero\r 



K)2-g-z> j(g,z) 2k Q 10 (g ■ z) 



k 



associated to a BSk hypercycle 7, is non-vanishing for sufficiently large values of the weight 
k (such that ko divides k). 

For the remainder of this subsection we focus on the case of geodesies on Riemann 



surfaces. We begin by illustrating the implications of Theorem 3.12 to Poincare series 



Theorem 4.12 Suppose X is a Riemann surface and that 70 G V is a dilation. In a 
sufficiently narrow band surrounding the imaginary axis we can estimate 

(192) y — ^ !_~ e *(5-*H£ 

g £Z\r 3(9, z) 2k (g-z) k 

for k sufficiently large. 

Proof Consider the geodesic £(t) = ie t . The associated state is 

(193) ,^,0 = ^^^^. 
where 

(194) A ^ = l —\k-l) ' 

A direct application of Theorem |3.12| yields the following: near the imaginary axis and for 
k sufficiently large 

(195) **(*,C)~ J^e^HS. 

V 7T 

The above result follows because, by Stirling's formula, 

(196) 22k ~ 2 (*k-l) 
for large k. 

□ 

Lemma 4.13 Let r = k a x. If a > 1/2 then for fixed r amd y, 

(197) (!)*~ e *(5-5H£ 
as k — > 00. 

This lemma is a simple calculus exercise, which allows us to conclude the following. 
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Corollary 4.14 We can find a band surrounding the imaginary axis whose width decreases 



as k a for a > 1/2, in which the relative Poincare series appearing in (\192J is dominated 
for large k by the g = id term. 

Similar results can of course established for the other Poincare series defined above. 

We turn next to applications of our results to the relative Poincare series associated to 
geodesies by Katok fpL2|| . Given any hyperbolic element 70 G T, we have a parametrized 
geodesic 'jit) = h" 1 ■ £(t) with a distinguished lifting j(t) = h^ 1 ■ £(£), where £ is given 
by (|179|) . The resulting states I7, k) can be related to Katok's relative Poincare series, 
0fc )7o (2:). Katok's definition is 



198) 6 



Z^ - 1 / 2 (-sgnTr 7o 



)2fc-2 



7T 



'2k -2 
k-1 



E 

<?er \r 



j(g,z) 2k Q 



70 * 



Denote the function associated to \j,k) by $ 7 (2,C). By Proposition 4.10 and (|194|) we 
have 

(199) S 7 (*,C) = A-sgnT^o)^ 1 ^- 1 ^ C fc e fc , 70 (z). 

For geodesies there is a nice relation between the intersection angles <p p and the phases 
Up. Assume that the fixed points of 70 are given by real numbers co±ro. By the prescription 
above, we have 

ir sinh et + i> 



(200) 7 (t) = c + r tanhet + — -r - , ., , 

v coshr cosh t 

where e = ±1 depending on the orientation. We can parametrize the curve by angle instead 

of arclength by taking 9 = cos -1 (tanhet), which gives 



(201) 



7(0) 



(cq + r e ie , -r e id sini 



where < 9 < ir. Now consider the case of two intersecting geodesies, parametrized by 
angles 9\ and 62. Since at the point where they intersect we have rising = r2sin#2, it is 
easy to see from (|201|) that the relative phase at such a point is 



(202) 



Ci 



A simple geometric exercise shows that #2 — $1 = the intersection angle. 

Theorem 4.15 Let X be a Riemann surface and 70 G T. Then Qk,-y {z) is non-vanishing 
for sufficiently large k. Moreover, 



(203) 



16 



fc,7oll2 



D 



fe-i 
70 



0(1) 



where T = 2 cosh (~Tryo). For 71, 72 G T not conjugate to each other, we have 
(e>*,7i|e>fc,7 2 > = 2 1 ^(D 11 D l2 Y k -^ 2 (sgnT no T n ' i - ] 



x 



727 k j u"- * < iu-li 11 

E ,. .. +o(fc- 1/2 ) 

y€[7i]n[7a] 



sin d r 



where [7^] denotes the geodesic on X corresponding to 7, . 
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In [[12] , Katok gives a period formula for the case in which T is symmetric (with respect 
to the imaginary axis), and 71 and 72 are primitive. This yields the following exact result 
for the imaginary part of the inner product: 



Im(e, m |e, i72 ) = 2 2 ^ 2 ( J D 7lJ D 72 )( fc - 1 )/ 2 (sgnTr7 Tr 7i ; 

x sgn(sin^ p )P A ._ 1 (cos^p), 

pG[7i]n[7 2 ] 



_j2k - 2 s 
[k-1 , 



where Pk-i is the Legendre polynomial of order k — 1. This can be compared to our formula 
using (|196| ) and the theorem of Darboux on the large n asymptotics of P n (cos8): 



(204) 



P fc _i(cosf 



sin((fc- 1/2)9 + tt/4) 
f(fc- l)sin0 



0(k 



-a/2\ 



(Theorem 8.21.2 in |]T3J). The asymptotic estimate of Theorem |4. 15| is seen to agree precisely 
with Katok' s result. 



4.4 Horocycles 

We turn now to the horocycles, curves in H which correspond to parabolic elements of T. 
Note that these do not exist when X is a Riemann surface, since T must be hyperbolic 
in this case. Horocyclic curves are given either by circles tangent to the real axis or 
straight lines parallel to the real axis. Given a horocycle 7 and parabolic 70 G T such that 
7o " j{t) = j{t + T), there exists a unique g G G such gjog -1 : z 1— > z + T and g ■ 7(0) 
lies on the imaginary axis. The real number A = — ig ■ 7(0) depends only on 7 and T. 
Alternatively, we may use the definition 

T 

(205) A 



2sinh[ip( 7 (0),7(T))]' 
where p is the hyperbolic distance. 

Proposition 4.16 Let 70 G T be parabolic, and suppose that 7 is a curve R — > H such 
that 7 ■ 7(t) = j(t + T). Then 7 satisfies BSk if and only if 

hT 

(206) A 



2nm 

for some m G Z, where A is defined as above. 

Proof By equivariance, we assume that j(t) = iX + z and 70 : z 1— > z + T. The 
horizontal lift of 7 to G is 



(207) g(t) 



1 t\ ( A 1 / 2 \ / cos ^ - sin £ 

1 j { \-w u 



sm _ cos ^. 



which corresponds to 

(208) 7(t) = (i\ + t,\e- it/x ). 
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The BSfc condition then reduces to the requirement kT/X = 2ixm for some m G Z. 

□ 



For the remainder of the subsection we assume that 7 is a BSfc curve and that A and 
T satisfy 

(209) A 
for some m G Z. 



k T 
27rm' 



Lemma 4.17 Let 7 be the horocycle j(t) — iX + t. Then 

/°° , ikz 

^ {t) (z,()dt = C kiX ( k e- 
-00 

where 

(211) C - M - 1)k 

(2U) Ck > x ~ (2k-l)\X^ e 

Proof The curve 7 is given by Q208|) , so that 



/. k S 



/oo roo C X e~ 

The result follows from a contour integration. 



□ 



Proposition 4.18 Suppose 70 G V is parabolic element that fixes 00 and that 7 is a cor- 
responding BS ko curve. The state I7, k) corresponds to the function 



(213) S 7 (z,C) = A k C k , T J2 



e * 

9er/r " 



Corollary 4.19 Lei T = SX(2, Z), and let y(t) = ^ + i, w/mc/i zs a 55*. curve. Then the 
state \y,k) is represented by ( k P mtk (z) (up to a constant depending on m and k), where 
Pm,k is the classical Poincare series: 

p 2nim(g-z) 

(214) P m , k (z)= E -TTT^^ 
with Tqo i/ie subgroup fixing 00. 

4.5 Circles 

We complete our discussion of specific BS k curves on X by considering the circles on H. 

Proposition 4.20 Let 7 be a circle in H with (hyperbolic) radius fi, with 70 G T such that 
7o " lit) = y(t + T) (y is either elliptic of finite order or the identity). Let n denote the 
minimal integer such that y$ is the identity transformation. Then 7 satisfies BS k if and 
only if 

nl 

(215) cosh = — , 

k 

for some I G Z. 
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Proof By equivariance, we assume that the center of the circle is i, and that 7(0) 
ie~ p . The location of the center implies that 



(216) 70 



Let a — -^p. The curve, 



cos 7r/n sin n/n 
— smn/n cosn/nj' 



/ 917 \ (A — ( cosai sinat\ ( e ^l 2 \ fcosbt/2 sinfet/2\ 

9{t )-[- S mat cos at J { e^ 2 )\ sin bt/2 cosbt/2) ' 

lies over 7 and will be horizontal provided 

(218) b = 2a cosh fi. 

The corresponding curve in SH is 

^2ig*j ~u\ f e^ 1 sin at + i cos at e li e~ lbt \ 

\ e 1 * cos at — i sin at ' (e^ 1 cos at — i sin at) 2 / ' 

so that 7 is BSfc iff kbT = 2ttI for some / G Z, i.e., 6 = ^a. The claim follows. 



□ 



For the remainder of this section, we assume that 7 is a BSfc curve and that \i and I satisfy 

Til 

(220) cosh/x = — , 

fc 



for some I G Z. Note that the BSfc condition requires nl > k 



o- 



Proposition 4.21 Let 7 be a circle in H of radius \x which is a BS^ curve on X as above. 
Then 



pnT 

(221) / if> m (z, C) = D lAfl F nl _ k)k (z, C), 

J 

where F n i_ k ^ is the element of the orthonormal basis for Sk{H) given by ( \17(\ ), and 



(222) A, M = 2 1 ~ ik nT 



ix (nlk/k + k - 1)! 



2k - 1 {2k - l)\(nlk/k + Jfe)! 



V2 (sinh/^/2) 



nlk/kg—k 



(cosh/i/2) n ' fc / fc o+ fc 



Remark. In case n = 1, the states coming from BSfc circles on H give an orthonormal basis 
of Sk- This is an example of a more general phenomenon: If we have a Hamiltonian action 
of the n torus on the Kahler manifold preserving all structures, our construction applied 
to the BSk level sets of the moment map yield an orthonormal basis for Sk- This actually 
follows from the quantum reduction theorem of Guillemin and Sternberg, M. In the case 
envisioned the reduced spaces are points, and so their quantization is one-dimensional. 
Other examples of this situation include the Bargmann metric on C, where the BS& circles 
correspond to eigenstates of the 1-dimensional harmonic oscillator problem, and the sphere, 
where the BS& circles give spherical harmonics. 
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Proof The curve 7 is given by ( |219| ), and we seek to compute 



(223) 



^7(*)( Z 'C) = 
JO 



[e^ cos at + i sin at)z — (e^ sin at — i cos at) 



2k 



dt. 



Using the fact that b = j^a we can rewrite this as 



r nT t-nT 

(224) j o ^ w (z,C)=4V^C7 o 



j2iatk(nl / ko+l) 



(z + i){e» + l) e 2iat + (z- i)(e» - 1) 



2k 



dt. 



Changing variables to u = e , we have 

rnT 

Jo 



(225) 



ij m (z,o = ^C k 



yTilk / ka+k 



(z + i)(et* + l)u + (z- i)(eP - 1) 



2k 



dt. 



where the contour is the unit circle. Noting that the pole is always inside the contour, we 
find 



rnT (nlk/kp + k-l\ (sinh/i/2)" Zfc / fc °- fc A% - z )^/k>-k 

{22b) y Q y W ){z,c,) m y <2k _ l j (cosh/u/2)riifc/fco+fe C (i + z)nlk/ko+k - 



□ 



Proposition 4.22 Suppose 70 £ T is an elliptic element which fixes i, and that 7 is a 
corresponding BS ko circle on X. The state I7, k) is given by the function 



(227) 



$ 7 (X = A k D k ^ F mk/k -k,k{9 ■ (z, 0). 

3er \r 



If X is a Riemann surface, then the only possibility for 70 is the identity, so the curves 
must close on H (n = 1). 

Theorem 4.23 Let X be a Riemann surface. The relative Poincare series 

1 [i-g- z) lk / k °- k 



(228) 



E 



geT j{g,z) 2k {i + g ■ 
is non-vanishing for sufficiently large k. 



4.6 Towards a geometric construction of a basis 



By Riemann- Roch, 
(229) 



dim S k = k{2g -2)-{g-l) 



where g is the genus of X. We now indicate a strategy for choosing, Vfc, the same number 
of non-intersecting BS k curves on X. We conjecture that the associated states form a basis 
of S k . 
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Divide X into 2g — 2 pairs of pants, each bounded by three simple closed geodesies 
(therefore there are 3g — 3 different geodesies on X involved as boundaries). Consider a 
pair of pants, Y. By Gauss-Bonnet, it has an area of 2n. By the Collar Theorem, there are 
collar neighborhoods of the boundary geodesies of Y which are hyperbolic cylinders. Let 
A c denote their total area. Their complement is the union of two identical hexagons, let 
Ah the area of one hexagon so that A c + 2A^ = 2n. 

We choose BS^ curves according to the following principle: 

• On each hyperbolic cylinder, the BS^ hypercycles parallel to the boundary geodesic. 

• In each of the hexagons, the BS^ curves of a function with a single critical point in 
the interior. 

Now count BSfc curves in each region: 

Proposition 4.24 The above scheme produces exactly dim Sk BSk curves, Wk. 
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